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Abstract
We present results relevant to the relation between quantum effects in a Riemannian
space and on the surface appearing as a result of its isometric embedding in a flat space
of a higher dimension. We discuss the mapping between the Hawking effect fixed by
an observer in the Riemannian space with a horizon and the Unruh effect related to an
accelerated motion of this observer in the ambient space. We present examples for which
this mapping holds and examples for which there is no mapping. We describe the general
form of the hyperbolic embedding of the metric with a horizon smoothly covering the
horizon and prove that there is a Hawking into Unruh mapping for this embedding. We
also discuss the possibility of relating two-point functions in a Riemannian space and the
ambient space in which it is embedded. We obtain restrictions on the geometric parameters
of the embedding for which such a relation is known.
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1 Introduction
In accordance with Einstein’s General Relativity, gravitational interaction is described in the
framework of the assumption that our four-dimensional space-time is a Riemannian space, i. e.,
a manifold on which the metric gµν(x) and the connection corresponding to it are defined (here
and hereafter, µ, ν, . . . = 0, 1, 2, 3, and we use the signature (+ − −−)). Although there is
currently no satisfactory quantum gravity theory, we can study the influence of the gravity on
quantum effects in the case of not too high energies, considering quantized fields in a Riemannian
space (see, e.g., [1,2]). The most well-known nontrivial examples of such an influence can include
the Hawking effect [3] (radiation from black holes) and the Unruh effect [4] (the observation of
thermal radiation by a uniformly accelerated observer).
It follows from the Janet-Cartan theorem generalized to the pseudo-Riemannian case by
Friedman [5] that an arbitrary n-dimensional pseudo-Riemannian space can be at least locally
embedded isometrically in a flat pseudo-Euclidean space Rm,N−m with the number of dimensions
N > n(n + 1)/2. In this case, the pseudo-Riemannian space is set into correspondence with
the surface described by the embedding function ya(xµ), with the metric on the surface,
gµν = (∂µy
a)(∂νy
b)ηab (1)
induced by the flat metric ηab of the ambient space (here and hereafter, the superscripts a, b, . . .
take N values). This allows passing to the description of gravity in the form of a theory cor-
responding to our space-time of a four-dimensional surface in the flat ten-dimensional ambient
space. In such an approach, which is usually called the embedding theory, instead of the metric
gµν(x
α) as the independent variable defining gravity, the embedding function ya(xα) is chosen.
Such an approach to the description of gravity, which is similar to that used in string theory,
was first proposed by Regge and Teitelboim [6]. Different variants of such an approach were later
studied in rather many papers, for example, in [7–18]. The idea of using the embedding appeared
independently in [8,12]. We note that unlike the recently popular brane theory [19], the ambient
space is flat in embedding theory, and there is no gravity in it. Therefore, unlike brane theory,
embedding theory is an alternative description of gravity in terms of the embedding function
ya(xα) and has the form of a certain theory in a flat space-time in this case, which can be
useful for efforts to quantize gravity. There also exists a possibility of formulating embedding
theory in the form of a certain field theory in a flat ambient space: splitting theory [20], which
brings together the description of gravity in such an approach and the description of other
fundamental interactions for which the correct quantum formulation is constructed.
Regarding our space-time as a four-dimensional surface in a flat space, we can formulate a
problem of the relation between the quantum effects in space-time as the Riemannian space
(mentioned above) and the effects appearing on the surface because of the presence of quantum
fields in the flat ambient space. It turns out that such a relation exists, at least for certain
types of embeddings of a certain class of Riemannian spaces, including some that are physically
interesting solutions of the Einstein equations.
As mentioned by Deser and Levin [21, 22] (we also note [23], which was published at the
same time but is less known), the black hole radiation predicted by Hawking can be identified
with the Unruh radiation observed in the ambient space. For this, we must consider a certain
embedding of the black hole metric (i. e., the four-dimensional surface with such a metric in a
flat ambient space) for which an observer that was at rest at a fixed distance from the black
hole turns out to be moving uniformly accelerated in the ambient space. Such a correspondence
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between the Hawking and Unruh effects ("Hawking into Unruh mapping") was discovered for
many physically interesting metrics. In detail in Secs. 3-7, we discuss the cases in which this
mapping occurs and those in which there is no such mapping. Following [24], we also formulate
and prove the statement describing the conditions on the metric and the embedding function
under which the mapping holds.
Another example of the relation between quantum effects in a Riemannian space and on a
surface corresponding to it and embedded in an ambient flat space is the possibility of relating
the two-point Wightman functions (or the Green’s functions) in the Riemannian and ambient
spaces. This can be done for surfaces corresponding to a so-called warped geometry. The
corresponding analyses were performed for the Wightman functions in [25] and for the Green’s
function in [26, 27]. In Sec. 8, we discuss the class of surfaces for which this approach is
applicable.
2 Hawking and Unruh effects
In the most general sense, the Hawking effect [3] is that in a space-time with an event horizon,
an observer outside the horizon observes a flux of particles with a thermal distribution. The
nontriviality of the causal structure of the space-time with a horizon in which the quantum
field theory is considered underlies this quantum effect. Because of this nontriviality, a state
vector that is the vacuum state from the standpoint of field operators on the initial surface
in the past, being expanded in terms of the basis of states corresponding to field operators at
the final surface in the future (including the infinitely distant surface and the event horizon),
corresponds to the presence of radiation with a thermal spectrum. The radiation temperature
determined by the observer (the Hawking temperature) is expressed by the formula
TH =
k
2pi
(2)
in terms of the so-called "surface gravity" k, which is defined for a given observer as follows (see,
e.g., [28]). Let ξ be the Killing timelike vector normalized such that its value ξ0 at the observer
location satisfies the condition ξ20 = 1. Let the space-time contain a lightlike hypersurface N
on which ξ is orthogonal to all vectors tangent to N (in this case, the vector ξ is the lightlike
vector tangent to N ). Then N is called the Killing horizon. At points of the surface N , we
have the relation
ξα∇αξµ = kξµ, (3)
defining the surface gravity k (here, ∇α denotes the covariant derivative). From the physical
standpoint, k corresponds to the four-dimensional acceleration of a particle that is at rest near
the horizon in the static reference system (the Killing vector ξ is tangent to its world line),
which is rescaled with the redshift taken into account for an observer located at some point
outside the horizon.
For three-dimensional infinite spaces for which ξ2 is bounded at three-dimensional infinity,
for example, for the majority of black holes, it is usually assumed that the observer is located at
infinity. The Killing vector is then normalized by the condition ξ2 −→
r→∞
1. But when considering
spaces with finite threedimensional sizes, for example, de Sitter (dS) spaces, it is necessary to
analyze the Hawking effect from the standpoint of an observer located at a finite distance.
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The Unruh effect [4] is that in the Minkowski space, in a state that is the vacuum state
from the standpoint of an inertial observer, an observer moving with a constant acceleration w
sees thermal radiation with the Unruh temperature
TU =
w
2pi
. (4)
To see this, a certain field in the Rindler coordinates [29] t, ρ, x2,3 comoving for the uniformly
accelerated observer and related to the Lorentz coordinates xµ by the expressions
x0 = ρ sinh t, x1 = ρ cosh t (5)
can be quantized. If the basis of states corresponding to such a quantization is constructed,
then the quantum theory vacuum given in the Lorentz coordinates can be expanded in terms
of it, and the thermal distribution of so-called "Rindler" particles with temperature (4) can
be observed (the Bogoliubov transformation is standardly used for this; see, e.g., [1]). Such
an approach is very similar to that used to describe Hawking radiation, which leads to the
well-known trivial Hawking into Unruh mapping described in the next section. The presence
of a horizon for the Rindler observer plays an important role in this case.
But because the procedure for observing the Unruh radiation was not described in the
framework of such an approach, it does not offer the possibility of unambiguously answering
the question whether this radiation is real. The interpretation problem turns out to be especially
complicated when considering not rectilinear accelerated motion but uniform motion along a
circle during which the absolute value of the acceleration remains constant. There is no horizon
for such a motion, and the vacuum turns out to coincide with the that of the initial reference
system [30], i. e., it should be assumed that there is no Unruh effect. Nevertheless, as noted
in [31], it is strange to assume that there is no Unruh effect if there is no horizon because we can
consider an observer moving rectilinearly with the same acceleration only during a finite time
interval before and after which it is inertial. There is no horizon for such an observer, but to
assume that at the instant of his linearly accelerated motion, the observer does not see Unruh
radiation means assuming that the presence or the absence of the radiation depends nonlocally
on the past or future of the observer. It seems more reasonable to assume that the parameters
of the observed radiation must be determined by local characteristics of the observer trajectory.
The description of the Unruh effect by considering the Unruh-DeWitt detector moving along
a given trajectory and interacting with the quantum field in the space-time is more consistent
from the physical standpoint. The Unruh-DeWitt detector (see, e.g., [1] for more details) is
a point object described by the monopole moment operator m(τ) of the detector and can
transform from its ground to the excited state with the energy E. As the Hamiltonian of
interaction between the detector and the quantum field (for example, the scalar field ϕ(xµ)),
we take the simplest expression
HI =
∫
dτ g m(τ)ϕ(xµ(τ)) (6)
where τ is the proper time of the detector. The probability of the transition to the state with
the energy E can then be calculated in the lowest order of the perturbation theory in the
coupling constant g, and the resulting spectrum can be found.
Most often, stationary trajectories of the detector motion, to which both rectilinear uni-
formly accelerated motion and the motion along a circle are related, are considered. In [32],
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stationary motions were completely classified, and the spectra corresponding to them were
calculated. It is interesting that in that paper and some others, the term "Unruh radiation"
was not used for trajectories without horizons, and only the vacuum excitation spectrum of
the detector was mentioned. Unlike the case of rectilinear uniformly accelerated motion, for
all other stationary trajectories, the spectrum turns out to be nonthermal. It is interesting
that in [31], the Unruh effect for motion along a circle was identified with the experimentally
observed Sokolov-Ternov effect. A discussion of various aspects of the Unruh effect can also be
found in the literature recently cited in [33].
The interaction Hamiltonian in form (6) allows finding only the excitation spectrum appear-
ing as a result of the detector-quantum-field interaction at all instants of the detector proper
time. To obtain the "instantaneous" spectrum that, as can be expected, must correspond to
the observed radiation, the interaction must be modified somehow. This was done in [34] by
introducing a dependence of the coupling constant g on the time τ in formula (6) by turning
the interaction on and off at certain instants. It was shown that in the case of arbitrary one-
dimensional motion with a slowly varying acceleration (i. e., satisfying the condition |w˙| ≪ w2),
there exists a thermal spectrum with standard Unruh temperature (4).
3 Trivial Hawking into Unruh mapping
We first describe the well-known trivial Hawking into Unruh mapping, which occurs when
considering the motion of a uniformly accelerated observer in the Minkowski space. Such an
observer is at rest in the Rindler coordinates t, ρ, x2,3 defined by formulas (5) or, if the lightlike
coordinates x± = x0 ± x1 are used, by the formulas
x+ = ρet, x− = −ρe−t. (7)
Translation of the Rindler coordinates with respect to the time t corresponds to a Lorentz boost
in the Minkowski space. The corresponding Killing vector ξµ normalized to unity at ρ = ρ0 has
the components
ξ+ =
1
ρ0
ρet =
1
ρ0
x+, ξ− =
1
ρ0
ρe−t = − 1
ρ0
x−, ξ2,3 = 0. (8)
The Killing horizonN , which is the surface (x+ = 0⋃x− = 0)⋂x1 ≥ 0, exists for it. Therefore,
the surface gravity can be determined, and we can assume that the Hawking effect occurs for
the Rindler observer.
Taking into account that in the Lorentz coordinates, the covariant derivative ∇α in the
Minkowski space reduces to the ordinary derivative ∂α, it is easy to calculate the left-hand side
of Eq. (3) at a certain horizon point, for example, at a point where x− = 0, x+ > 0:
ξα∇αξµ = ξ+∂+ξµ = δµ+
x+
ρ20
=
1
ρ0
ξµ. (9)
We hence find the surface gravity from the standpoint of the observer with the coordinate ρ0:
k =
1
ρ0
. (10)
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It is obvious that this value coincides with the constant acceleration w of this observer, and this
means that we can say that Hawking temperature (12) and Unruh temperature (4) coincide
for the Rindler observer in the Minkowski space, i. e., this is the simplest case of the Hawking
into Unruh mapping.
4 Hawking into Unruh mapping at using embeddings
As it turned out, the Hawking into Unruh mapping analogous to the mapping described in the
preceding section occurs if a certain type of isometric embedding in a flat ambient space for a
rather wide class of metrics is considered. It was first revealed in [21,22,35] for de Sitter (dS) and
anti-de Sitter (AdS) metrics, for the Schwarzschild metric with its dS and AdS generalizations,
for the Reissner-Nordstrom charged black hole metric, and also for the Banados-Teitelboim-
Zanelli metric corresponding to the three-dimensional black hole. It was noted that for the
considered embeddings (smoothly covering the horizon) of these metrics, the temperature TH
corresponding to the Hawking effect due to the presence of the horizon coincides with the
temperature TU of the Unruh effect due to the uniformly accelerated motion of the observer
from the standpoint of the ambient space. For example, for the Schwarzschild metric
ds2 =
(
1− 2m
r
)
dt2 − dr
2
1− 2m
r
− r2 (dθ2 + sin2 θ dϕ2) (11)
the Fronsdal embedding [36] in a six-dimensional flat space with the signature (+−−−−−):
y0 = τ
√
1− 2m
r
sinh
(
t
τ
)
, y1 = ±τ
√
1− 2m
r
cosh
(
t
τ
)
, at r > 2m,
y0 = ±τ
√
2m
r
− 1 cosh
(
t
τ
)
, y1 = τ
√
2m
r
− 1 sinh
(
t
τ
)
, at r < 2m,
y2 =
∫
dr
√
2m
r − 2m
(
1− mτ
2
2r3
)
,
y3 = r cos θ, y4 = r sin θ cosϕ, y5 = r sin θ sinϕ (12)
was used. This embedding smoothly covers the horizon at τ = 4m. It is easy to see that for it,
the time lines are hyperbolas and correspond to uniformly accelerated motion in the ambient
space for r > 2m. It was found that the Hawking and Unruh temperatures coincide precisely
for a single value of the embedding parameter τ = 4m, for which the component y2 in (12) does
not contain singularities and the embedding smoothly covers the event horizon.
A similar Hawking into Unruh mapping for many other metrics was subsequently found
in many papers. The corresponding results were obtained for different types of black holes
(including those with other than four dimensions), black strings, and wormholes (see [37–42]
and the references therein). The cases where the detector moves along a circle [43] or falls
freely [44] were also discussed. In these cases, the radiation spectrum was not exactly thermal.
It was shown in [45] that the coincidence is also preserved under corrections to the Hawking
and Unruh temperatures. It was noted in [46] that the mapping occurs if the embedding of only
the (t − r) sector of the Riemannian space is considered. It is important that in all the cases,
hyperbolic embeddings covering the horizon were used, their time dependences were similar
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to (12) (they are also called the Fronsdal-type embeddings), and the time lines in them are
hyperbolas in the ambient space.
The approach in which the thermodynamic properties of spaces with horizons are analyzed
using isometric embeddings in a flat ambient space is usually called GEMS (Global Embedding
Minkowskian Space-time). We note that this term is slightly inexact: the embeddings used
in its framework are not in fact always global, i. e., smooth at all nonsingular points of the
Riemannian space. For example, when analyzing the Hawking into Unruh mapping for the
metric of the Reissner-Nordstrom charged black hole in [22], an embedding smoothly covering
the external horizon was used, but it cannot be smoothly continued past the internal horizon
(unlike embeddings proposed in [47]). Hence, under "globality" in the term GEMS, only the
fact that the embedding smoothly covers the observed region of the space with an horizon is
meant, and whether the smoothness is preserved past the horizon is assumed to be unimportant.
5 Examples of the absence of the mapping
Despite many examples of embeddings in which we have the Hawking into Unruh mapping
described in the preceding section, counterexamples also exist. We describe them following [48].
In particular, relatively recently constructed embeddings of the Schwarzschild metric [49,50]
(including its dS generalization [51]) and the Reissner-Nordstrom metric [47] are such coun-
terexamples. These new embeddings are of three types, and all of them are not hyperbolic, i. e.,
their time lines are not hyperbolas. To clarify their structure, we present the explicit forms of
embeddings of all three types for the Schwarzschild metric (the embedding structures of the
other mentioned metrics are analogous): the cubic embedding
y0 =
ξ2
6
t′3 +
(
1− m
r
)
t′ + u(r),
y1 =
ξ2
6
t′3 − m
r
t′ + u(r),
y2 =
ξ
2
t′2 +
1
2ξ
(
1− 2m
r
)
,
(13)
the exponential embedding
y0 =
m
α
√
rcr
(
eαt
′+u(r) − r − rc
2m
e−αt
′
−u(r)
)
,
y1 =
m
α
√
rcr
(
eαt
′+u(r) +
r − rc
2m
e−αt
′
−u(r)
)
,
y2 = γˆt′
(14)
and the spiral embedding
y0 = t′,
y1 =
(6m)3/2√
r
sin
(
t′
33/22m
−
√
2m
r
(
1 +
r
6m
)3/2)
,
y2 =
(6m)3/2√
r
cos
(
t′
33/22m
−
√
2m
r
(
1 +
r
6m
)3/2)
.
(15)
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Here, t′ is the time of some falling coordinates related to the Schwarzschild time by t′ = t+h(r),
the constants ξ, α, γˆ, rc are the embedding parameters, and the components y
3, y4, y5 and the
signature of the ambient space coincide with those used for embedding (12).
The time lines for all the three embeddings are not hyperbolas. They are stationary tra-
jectories, and an analogue of the Unruh effect for them was studied in [32]. For example, the
spectrum for a detector moving in the ambient space along the time lines of embedding (13)
was found exactly. It has the form
S(E) =
E2
8pi2
√
3 ξ2
(
1− 2m
r
)2
exp
(
−
√
12
ξ2
(
1− 2m
r
)
E
)
, (16)
and is not thermal. The spectrum for the time lines of embedding (14) was studied numerically
in [32] and was also recently analyzed in [33]. As in the preceding case, the spectrum is not
thermal. The time lines of embedding (15) correspond to detector motion along a circle. The
analogue of the Unruh effect in this case has been frequently discussed in the literature. The
spectrum is also not thermal in this case. Moreover, as can be easily seen from (15), the circle
radius tends to zero as r →∞ (for a fixed angular velocity), and the detector turns out to be at
rest in the chosen coordinate system of the ambient space. This means that there must indeed
be no Unruh effect in this limit. Naturally, such a case is related to the fact that embedding
(15) is asymptotically flat, i. e., the surface corresponding to it tends to the plane as r → ∞.
Precisely such an embedding turns out to be most natural from the standpoint of embedding
theory as a description of gravity (see the discussion in [50]).
Hence, for all three new six-dimensional embeddings of the Schwarzschild metric, there is no
Hawking into Unruh mapping. An analogous case also occurs for three new embeddings of the
Reissner-Nordstrom metric found in [47] and for two new embeddings of the Schwarzschild-de
Sitter metrics found in [51] because their structures are completely analogous to embeddings
(13)-(15).
Another class of examples of the absence of the Hawking into Unruh mapping can be
obtained easily by the trivial isometric bending (such as the plane bending to form a part of a
cylinder) of a flat ambient space containing a surface for which the mapping existed before the
bending. For example, if a standard hyperboloid is bent, then we can obtain a nonstandard
embedding for the dS metric in the flat space with the signature (+−−−−−) of the form
y0 = R sinh(sinh t),
y1 = R cosh(sinh t),
y2 = R cosh t cosχ,
y3 = R cosh t sinχ cos θ,
y4 = R cosh t sinχ sin θ cosϕ,
y5 = R cosh t sinχ sin θ sinϕ,
(17)
The time lines for it are not hyperbolas (and they are even nonstationary trajectories). This
means that the spectrum corresponding to such a motion is not thermal, and there is no
mapping.
Another example is the result of bending the four-dimensional plane described by the em-
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bedding function
y0 = α−1 sinhαt,
y1 = α−1 coshαt,
y2 = r cos θ,
y3 = r sin θ cosϕ,
y4 = r sin θ sinϕ
(18)
with the signature of the ambient space (+ − − − −). It is easy to verify that the metric
coinciding with that of the Minkowski space corresponds to it, i. e., function (18) specifies a
nontrivial embedding of the Minkowski space in a flat five-dimensional ambient space. If an
Unruh-DeWitt detector moves along the time line of such an embedding, then it observes no
radiation from the standpoint of the intrinsic geometry because it moves along the inertial
trajectory in the four-dimensional Minkowski space. But the time line is a hyperbola in the
ambient space, the motion of the detector is linearly accelerated, and the standard Unruh effect
must occur. Hence, there is no mapping in this example.
If the examples for which the presence or the absence of the Hawking into Unruh mapping
is verified are analyzed, then it can be seen that it exists in the cases where the metric has a
horizon and the embedding is hyperbolic and smoothly covers the horizon. In Secs. 6 and 7,
following [24], we show that the mapping indeed always occurs under these conditions.
6 General form of the hyperbolic embedding
with a horizon
We first formulate the general form that has a hyperbolic embedding of a metric with a horizon.
Because we are interested in metrics for which Hawking radiation exists, we assume that there
is a timelike Killing vector ξ and the Killing horizon exists (see, e.g., [28]), i. e., a lightlike
hypersurface N such that the vector ξ is tangent to it and ξ2 = 0 on it. Otherwise, the metric
is assumed to be arbitrary, i. e., it has no additional symmetry and, general speaking, is not a
solution of the Einstein equations with any definite matter. We choose the coordinates t, ρ, x2, x3
such that the vector ξ is tangent to the lines of the time t and the coordinate ρ becomes zero
on the hypersurface N , i. e., ξ2 −→
ρ→0
0. We assume that an observer (for example, the Unruh-
DeWitt detector) is at rest in the chosen coordinate system and has constant coordinates
ρ = ρ0 > 0, x
2, x3 and that ξ2 > 0 for 0 < ρ ≤ ρ0.
The existence of a timelike Killing vector means that the metric has a symmetry with
respect to the one-dimensional group of shifts in time. To construct the surfaceM that is the
embedding of the considered metric and also has the symmetry with respect to this group, we
must consider the representations of the group of translations whose matrices correspond to
the transformations of the Poincare group of the ambient space (see the details of the method
for constructing symmetric embeddings in [50]). In one of the simplest cases, these matrices
correspond to the Lorentz boosts in the ambient space, i. e., a shift in t is equivalent to a boost.
In this case, time lines in the ambient space turn out to be hyperbolas, and embeddings of
such type are said to be hyperbolic (or, as noted above, embeddings of the Fronsdal type). An
arbitrary embedding of the hyperbolic type can be written in the form
y0 = ρ sinh(αt), y1 = ρ cosh(αt), yI = yI(ρ, x2, x3). (19)
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in the range 0 ≤ ρ ≤ ρ0 (where ξ2 > 0) if we use the arbitrariness in choosing the coordinates
ρ, x2, x3. Here and hereafter, I = 2, . . . , N−1, and α is an arbitrary positive constant introduced
for generality. We note that the components yI of the embedding function ya(xµ) depend on the
coordinates ρ, x2, x3 and not on t. When constructing embeddings of concrete metrics below,
we must substitute general embedding form (19) in Eq. (1) and seek its solution. It is usually
impossible to do this without any additional symmetry, but we can perform the general analysis
that is interesting to us.
We normalize the Killing vector ξ corresponding to shifts in the time t such that it is unity
at the observation point ρ = ρ0. In the coordinates t, ρ, x
2, x3 its components then have the
form
ξµ = δµ0
1√
g00(ρ0)
= δµ0
1
αρ0
, (20)
and in the ambient space, the vector ξa = ξµ∂µy
a with the components
ξ0 =
ρ
ρ0
cosh(αt), ξ1 =
ρ
ρ0
sinh(αt), ξI = 0 (21)
corresponds to it.
We assume that the embedding smoothly covers the horizon, i. e., the considered four-
dimensional surface is smooth at ρ = 0. Because the coordinate t turns out to be singular at
the horizon (for example, like the time of the Schwarzschild coordinates for a black hole), the
embedding function is not necessarily smooth if this coordinate is used, and the smoothness
therefore cannot be determined directly. For this, we note that the vector ξa, remaining tangent
to the surfaceM, has strongly different directions in an arbitrarily small neighborhood of the
point y0 = y1 = 0, but they are in the y0, y1 plane. This is consistent with the smoothness
of the surface M only in the case where the entire y0, y1 plane is tangent to M at the point
y0 = y1 = 0. Consequently, the quantities y0, y1 can be used as coordinates on M in a
neighborhood of y0 = y1 = 0, and the smoothness of M guarantees the smoothness of the
embedding function written in terms of these coordinates. If the quantities y0, y1, x2, x3 are
used as coordinates on the surface M in this neighborhood, then embedding function (19) (in
the range where this formula is applicable, i. e., for y1
2 − y02 ≥ 0) becomes
y0 = y0, y1 = y1, yI = yI
(√
y12 − y02, x2, x3
)
. (22)
Its smoothness with respect to y0, y1 means that the function yI(ρ, x2, x3) depends smoothly on
ρ2. It hence follows that in a neighborhood of the horizon, to which the set of points satisfying
the equation
y1
2 − y02 = 0 (23)
corresponds in the ambient space, the expansion
yI = f I(x2, x3) +
(
y1
2 − y02
)
hI(x2, x3) +O
((
y1
2 − y02
)2)
(24)
holds. The validity of this expansion is therefore a criterion for the considered embedding to
cover the horizon smoothly.
10
7 Proof of the existence of the mapping
We prove the following statement.
Statement. The Hawking into Unruh mapping occurs for a hyperbolic embedding (that
smoothly covers the horizon and can always be written in form (19)) of an arbitrary metric
with a Killing timelike vector and a Killing horizon.
To find the temperature TH of the Hawking radiation produced because of the presence
of the horizon, we find the surface gravity k from Eq. (3) from the standpoint of an observer
with the coordinate ρ = ρ0. For this, we rewrite this equation in terms of the vector of the
ambient space ξa given by (21). The covariant derivative of the vector in the embedding theory
formalism can be written in the form (this formalism was presented in [15])
∇αξµ = eµa∂α (ξνeaν) , (25)
where
eaν = ∂νy
a, eµa = g
µνebνηab. (26)
Multiplying Eq. (3) by ebµ and using formula (25), we obtain
Πbaξ
α∂αξ
a = kξb, (27)
where
Πba = e
b
νe
ν
a (28)
is the projector onto the space tangent to the surfaceM at a given point.
For convenience in analyzing Eq. (27), we introduce lightlike coordinates y± = y0 ± y1 in
the ambient space (analogously to what was done in Sec. 3 when discussing the trivial Hawking
into Unruh mapping; formulas (7) and (8)). In these coordinates, formula (19) becomes
y+ = ρeαt, y− = −ρe−αt, yI = yI(ρ, x2, x3), (29)
If we use this expression, then we can write formula (21) as
ξ+ =
ρ
ρ0
eαt =
y+
ρ0
, ξ− =
ρ
ρ0
e−αt = −y
−
ρ0
. ξI = 0. (30)
It was shown in Sec. 6 that the embedding function for the surfaceM is smooth in the coor-
dinates y0, y1, x2, x3 (see (22)). Consequently, it is also smooth in the coordinates y+, y−, x2, x3,
in which it becomes
y+ = y+, y− = y−, yI = yI
(√
y+y−, x2, x3
)
. (31)
We write Eq. (27) in these coordinates at the horizon point for which y− = 0, y+ > 0 (which
corresponds to horizon equation (23)), and this means that ξ− = 0 at this point in accordance
with (30). For the lefthand side of Eq. (27), we have
Πbaξ
α∂αξ
a = Πbaξ
+∂+ξ
a =
y+
ρ20
Πbam
a, (32)
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where ma is a constant vector with the components m+ = 1; m− = 0; mI = 0. It is easy to
see from the form of formula (31) that for y− = 0, the vector ma is tangent to M because
it coincides with ∂+y
a. Consequently, Πbam
a = mb in accordance with the property of the
projector, and Eq. (27) as a result becomes
y+
ρ20
mb = k
y+
ρ0
mb. (33)
Hence, we can easily find the surface gravity for an observer with the coordinate ρ = ρ0:
k =
1
ρ0
. (34)
This means that the observer in accordance with formula (2) sees Hawking radiation with the
temperature TH = 1/(2piρ0).
On the other hand, as can be seen from (19), this observer in the ambient space moves with
the constant acceleration w = 1/ρ0 and consequently sees Unruh radiation with temperature
(4), which turns out to coincide with TH . The statement is thus proved.
We note that the reasoning used in the proof is in many respects a repetition of that used
in Sec. 3 when discussing the trivial Hawking into Unruh mapping. The difference is that
when deriving formula (34), we necessarily took the nontriviality of the covariant derivative
into account, and when deriving (10), the covariant derivative coincided with the ordinary
derivative. But the obtained results were the same in the two cases, i. e., the Hawking into
Unruh mapping occurs. This can be easily explained as follows.
We note that the difference between general hyperbolic embedding form (19) and the ex-
pression for the Minkowski space in terms of Rindler coordinates (5) is that the "transverse"
components x2,3 are independent of ρ in the Minkowski space and the analogous "transverse"
components yI depend on ρ in the hyperbolic embedding. But this dependence has no term
that is linear in ρ for a smooth embedding in the case of small ρ (see expansion (24)). Therefore,
in a small neighborhood of the horizon, the smooth surface M coincides with the Minkowski
space for fixed x2,3 in the first approximation. For an observer whose coordinate ρ is small, the
Hawking and Unruh temperatures consequently coincide trivially. But for an observer with an
arbitrary value of the coordinate ρ, this coincidence is automatically preserved because of the
relation
TU
√
g00 =
1
2piρ
√
α2ρ2 = const, (35)
which follows from (4) and (19) and is similar in form to the well-known Tolman law
TH
√
g00 = const. (36)
The local similarity between such embeddings and the expression for the Minkowski space in
terms of the Rindler coordinates thus underlies the Hawking into Unruh mapping for arbitrary
hyperbolic embeddings smoothly covering the horizon.
We note that we managed to prove the existence of the Hawking into Unruh mapping under
rather general assumptions. Concerning the space-time metric, we only assumed the existence
of a Killing timelike vector and a Killing horizon (it is impossible to discuss Hawking radiation
without this) and the existence of a hyperbolic embedding. The embedding function was taken
in the most general form corresponding to the hyperbolic type of realizing the translation
invariance under time shifts. We did not assume the presence of another symmetry, for example,
spherical.
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8 Surfaces on which two-point functions
are defined by the ambient space
Quantum effects in a Riemannian space, including the Hawking effect, are defined by the
properties of quantum fields specified in the Riemannian space, for example, by the scalar field
satisfying the invariant equation (∇µ∇µ +m2)ϕ(x) = 0. (37)
Quantum effects on the embedded surface, in particular, the Unruh effect, are defined by the
properties of quantum fields given in a flat ambient space and satisfying equations of the form(
∂a∂
a +M2
)
ϕ(y) = 0. (38)
Equations (37) and (38) have enough in common that under some additional conditions on the
shape of the surface, a relation between quantum effects in the Riemannian space and on the
surface embedded in the flat ambient space arises.
In addition to the Hawking into Unruh mapping, which was described in the preceding
sections and is such a relation, there is also another analogous relation. It exists for embeddings
for which the ambient space metric that is flat in the Lorentz coordinates ya becomes the so-
called warped geometry
ds2 = ω(z)g¯µν(x)dx
µdxν + g⊥AB(z)dz
AdzB, (39)
in a certain curvilinear system of coordinates y˜a ≡ (xµ, zA). Here and hereafter, the superscripts
A,B, . . . take N − 4 values. It is assumed that the four-dimensional surface corresponding to
zA = const corresponds to the embedded Riemannian space, and xµ play the role of coordinates
on the surface in terms of which the metric has the form gµν = ω(z)g¯µν(x). We note that
precisely such a method for describing the system of four-dimensional surfaces – introducing
the (N − 4) component field zA(ya) – was used to describe gravity in the form of splitting
theory [20] mentioned in Introduction, but the possibility of writing the metric in form (39)
was not suggested there. On the other hand, we note that when the warped geometry is used
in the general case (for example, in the brane theory framework mentioned in Introduction), it
is assumed that an arbitrary metric rather than the flat metric ηab is written in factored form
(39). This corresponds to a much more general case than the case considered here where (39)
is written in the curvilinear coordinates of precisely a flat metric.
For surfaces corresponding to a factorization of the flat metric in form (39), a relation
between two-point Wightman functions on the surface and in the ambient space was established
in [25]. This can be done by separation of variables, as a result of which the quantum field in
the ambient space (satisfying an equation of form (38)) is expressed in terms of the quantum
field satisfying an equation of form (37) in the Riemannian space and in terms of a classical
variable dependent on the transverse coordinates zA. Obviously, the possibility of writing the
metric in form (39) plays a decisive role when obtaining this result, without which it would be
unclear how to separate the variables. We note that dS and AdS spaces were considered as the
ambient spaces in addition to the flat space in [25].
In [26,27] a similar result for the relation between two-point Green’s functions was obtained,
and a relation between the causal structure of the ambient space and that of the embedded
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Riemannian space was analyzed. The result was also obtained under the assumption that the
embedding corresponds to a factorization of the flat metric of the ambient space in form (39).
It is interesting to consider how strong are the restrictions on the structure of the embedded
surface imposed by the condition for metric factorization (39) together with the assumption
that this metric is flat (the metric corresponds to the choice of certain curvilinear Coordinates
in the flat space). From the standpoint of the intrinsic geometry, the answer to this question
can be obtained as a corollary of Theorem 3.1 in [52], whence it follows that the embedded
surface must be a constant-curvature space. We obtain this result using the embedding theory
formalism [15]. In this case, we also managed to simultaneously find an additional condition
constraining the extrinsic geometry.
The metric of the ambient space in curvilinear coordinates y˜a ≡ (xµ, zA) is related to the
flat metric ηab in the Lorentz coordinates y
a by the standard formula
g˜ab(y˜) =
∂yc
∂y˜a
∂yd
∂y˜b
ηcd, (40)
which if (39) is taken into account reduces to the equations
(∂µy
c) (∂νyc) = ω(z)g¯µν(x), (41)
(∂Ay
c) (∂νyc) = 0, (∂Ay
c) (∂Byc) = g
⊥
AB(z), (42)
where ∂µ ≡ ∂/∂xµ and ∂A ≡ ∂/∂zA. Differentiating equality (41) with respect to zA, we obtain
(∂µ∂Ay
c) (∂νyc) + (∂ν∂Ay
c) (∂µyc) = (∂Aω(z)) g¯µν(x). (43)
Because the quantity ∂Ay
c with respect to the superscript c is orthogonal to all vectors that
are tangent to the surface zA = const at a given point in accordance with (42), we can move
the derivatives in the left-hand side of (43), as a result of which we obtain the equation
− 2bcµν∂Ayc = (∂Aω(z)) g¯µν(x), (44)
where
bcµν = ∇µ∇νya = Π⊥ca∂µ∂νya (45)
is the second fundamental form of the surface zA = const (here Π⊥
c
a = δ
c
a−Πca is the transverse
projector).
Using the inverse metric g⊥AB(z) and noting that (∂Ayc)g
⊥AB(z)(∂By
a) = Π⊥
a
c , we can easily
rewrite Eq. (44) in the form
baµν = ξ
agµν , ξ
a = −1
2
(∂By
a)g⊥AB(z)
∂Aω(z)
ω(z)
, (46)
where we take into account that the surface metric is gµν = ω(z)g¯µν(x). Using the expression
for the curvature tensor in the embedding formalism (which is a particular case of the Gauss
equation; see [15] for the details), we now obtain
14
Rµναβ = b
a
µαηabb
b
νβ − baµβηabbbνα = ξaξa (gµαgνβ − gµβgνα) =
=
∂Aω(z)g
⊥AB(z)∂Bω(z)
4ω(z)2
(gµαgνβ − gµβgνα) . (47)
It hence follows that the surface z = const is necessarily a constant-curvature space, which was
to be shown. But in our argument, we also obtained a stronger condition on the surface that
also involves the extrinsic geometry, i. e., condition (46) on the second fundamental form, in
accordance with which it must necessarily be proportional to the metric.
The simplest variants of surfaces for which this condition is satisfied are the plane, the
sphere, and the pseudosphere (hyperboloid) in an arbitrary number of dimensions. Precisely
they are used as embeddings in a flat ambient space, both in [25] and in [26, 27]. But it is not
excluded that they are not the only possible variants. If we use the method proposed in [50] for
constructing surfaces with given geometries, then we can try to construct other surfaces whose
second fundamental form satisfies condition (46). For example, the nontrivial embedding of
the three-dimensional plane has such a property; it was used to construct the embedding of the
metric of the spatially flat Friedmann model in [53]. The problem of the properties of quantum
effects for such embeddings requires additional study.
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